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We provide a thorough discussion of the statisti-
cal method on which our approach is based. The
following three sections discuss the model and its pa-
rameters, the model assumptions, and, finally, the
implementation.

1 Spatial Hierarchical Bayesian Model

In this section we present a spatial hierarchical model
proposed by Furrer et al. (2006) to synthesize climate
temperature projections based on N = 21 high reso-
lution coupled climate models (AOGCMs). The tem-
perature fields from the AOGCMs are stacked into
vectors of length n (total number of grid points), and
the future temperature climate change is denoted

Di = Yi −Xi i = 1, . . . , N = 21

where Xi and Yi are the temperature fields averaged
over the years 1980-2000 and 2080-2100 respectively.
The goal is to draw inference about the true but un-
known future climate temperature change from the
observed fields Di. To achieve this, we use a stan-
dard hierarchical Bayesian approach. The hierarchi-
cal concept decomposes a difficult problem into sev-
eral layers which are simpler to model and describe.
Here we use the typical decomposition into three lev-
els: (1) data, (2) process, and (3) prior.

Data level : The data level models the future tem-
perature change as a spatial process. Consistent with
the more traditional decomposition in spatial model-
ing (Cressie, 1993; Banerjee et al., 2004) where the
mean corresponds to global (first-order) behavior and
the error captures local (second-order) behavior, we

assume that the climate change can be expressed as
an additive decomposition of a large scale climate sig-
nal and small scale signals consisting of model bias
and internal model variability. Using mathematical
notation we have

Di = µi + εi Di | µi, φi
iid∼ Nn(µi, φiΣ) (1)

i = 1, . . . , N , where | means “conditioned on”, Nn

is an n-dimensional normal distribution and where
iid∼ means independently and identically distributed.
The spatial correlation matrix Σ is specified in ad-
vance and φi > 0 are scale parameters.

We will assume that the remaining small scale struc-
ture εi in equation (1) is an isotropic and stationary
processes on the sphere. This means that the small
scale structure has constant variance and that for
two points (lat1, lon1) and (lat2, lon2) on the sphere
the error covariance between these two points, say
Cov(ε1, ε2), depends only on the great circle distance
θ and not on their latitude and longitude.

To describe the aforementioned covariances, we
consider families of isotropic correlation functions on
R3 restricted to the sphere by replacing the Euclidean
distance by 2R sin(θ/2), where R is the globe’s radius
and θ ∈ [0, π] is the great circle distance. The re-
sulting covariance functions are positive definite on
the sphere (see Yaglom, 1987; Weber and Talkner ,
1993; Gaspari and Cohn, 1999, and Gneiting , 1999).
Specifically, we use the exponential correlation func-
tion

c(θ; τ) = ηI{θ=0} + exp
(
−2R sin(θ/2)/τ

)
(2)

where τ > 0 is the range parameter dictating the rate
at which the correlation decays, I is the indicator

1

file:www.mines.edu
file:www.ncar.ucar.edu
file:www.ncar.ucar.edu
file:www.ncar.ucar.edu
file:www.ncar.ucar.edu


2 Furrer et al: Supplement

function with I{θ=0} = 1 when θ = 0 and 0 otherwise
and η accounts for variations that are smaller than
the grid size.

Our approach does not include the parameters τ
and η in the hierarchical model because of computa-
tional complexity. See Section 3 for a discussion on
the “empirical Bayes” approach used instead.

Process level : The second hierarchical level models
the large scale climate signals µi, i = 1, . . . , N . We
use a dimension reduction technique and assume that
the climate signals are a linear combination of basis
functions, i.e. µi = Mθi, where the given “design”
matrix M contains p basis functions with p much
smaller than n, the number of total grid points. The
θi are modelled as:

θi | ϑ, ψi
iid∼ Np(ϑ, ψiI) ψi > 0 i = 1, . . . , N

where I is the identity matrix. In other words, θi

is distributed around ϑ, the true but unknown pa-
rameter. Therefore, the “true” large scale climate
change pattern is denoted as Mϑ. Centering these
coefficients vectors about the true climate change co-
efficients reflects our assumption that the individual
climate models do not exhibit systematic large scale
errors. However, we do expect departures between
each model and the true climate and this variation
is captured by the variance term (ψiI). In particu-
lar the variation of ψi across different models reflects
different levels of bias and internal variability for a
given AOGCM.

The basis functions used to construct the design
matrix M need to be sufficiently flexible to repre-
sent the mean structure of the temperature differ-
ence fields, and to achieve this goal we use spherical
harmonics and indicator functions.

The spherical harmonics are a generalisation of a
sine-cosine decomposition of a real valued function to
the sphere and provide a complete set of basis func-
tions for the square integrable functions on a sphere.
In our approach, we use a truncated set of spherical
harmonics consisting of the first 121 functions. The
spherical harmonics are continuous functions and it
would require many functions to approximate indi-
cator or non-smooth functions. Temperature fields
are inherently non-smooth (land, water, sea ice, etc.)
and it is more efficient to use a few indicator func-
tions to incorporate this characteristic compared to
a large set of spherical harmonics (i.e. smaller pa-
rameter space). However, both sets jointly do not
form a complete basis. If that would be the case,
the small scale process of each model would be iden-
tically zero. Incorporating the indicator functions
results in the error processes εi exhibiting more sta-
tionary and isotropic behavior. The model is very

robust with respect to small changes in the defini-
tion of the indicator functions, especially if regions
with rather smooth temperature fields are affected.
The indicator functions should represent large scale
geographical regions and any resemblence with polit-
ical boundaries are coincidental.

Figure 1 shows four examples of spherical harmon-
ics and Figure 2 shows all of the used indicator func-
tions.

Figure 1: Examples of spherical harmonics. The
fields correspond to spherical harmonics with increas-
ing resolution.

Figure 2: Indicator basis functions. For readability,
the basis functions are shown in different panels (each
containing 7 different basis function).

Prior level : The last level puts priors on the pro-
cess parameters.

φi
iid∼ IΓ(ξ1, ξ2) ξ1, ξ2 > 0 i = 1, . . . , N

ψi
iid∼ IΓ(ξ3, ξ4) ξ3, ξ4 > 0 i = 1, . . . , N

ϑ ∼ Np(0, ξ5I) ξ5 > 0

where IΓ denotes the inverse Gamma distribution and
where ξ1, . . . , ξ5 are hyperparameters. The hyperpa-
rameters have to be specified by an expert user and
determine the shape of the prior distribution. In gen-
eral, the posterior distribution is determined by the
prior and the likelihood, i.e. more available observa-
tions decrease the influence of the prior distribution.
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With our model structure, we assume that the de-
sign of each AOGCM model is such that it models
the truth to the best knowledge of its developers.
This implies that the scaling parameters ψi should
be smaller compared to φi. The choice of ξ1, . . . , ξ4
should therefore enforce this. As it turns out, ξ1, ξ2, ξ3
can be set to any arbitrarily small value (represent-
ing no prior information) and ξ4 should be set be-
tween 0.75 and 2. This last parameter determines
the weighted global climate change spread. Smaller
or larger values result in narrower or wider poste-
rior PDFs with respect to the AOGCMs’ spread. We
assume that the posterior distribution should have
a similar spread as the AOGCM model spread and
we set ξ4 = 1 in our setting. Extending the currently
used statistical model to account for individual model
ensemble members would diminish or almost elimi-
nate the sensitivity of the results on the parameter
choice.

Note also that if we include more basis functions in
M then we expect φi to be smaller. Since we do not
have any independent information about the true ϑ
we choose a large value for ξ5, reflecting an uninfor-
mative prior and further justifying the identity as its
correlation matrix.

2 Model Assumptions

This section lists the most relevant statistical as-
sumptions on which our approach is based and dis-
cusses the climatological implications thereof.

The statistical methodology considers the differ-
ence fields as unbiased and as independent, which
essentially is equivalent to the following two assump-
tions on the AOGCMs. First, each individual AO-
CGM is assumed to be unbiased over the entire globe.
Second, all AOGCMs are assumed to be indepen-
dent and are given the same weight. The assump-
tions are not entirely satisfied in reality. To some
degree, all AOGCMs are known to have systematic
biases, in particular on small scales. Also, the in-
dependence assumption implies that with increasing
number of AOGCMs the uncertainty in the climate
change estimate decreases (by the central limit theo-
rem). Statistically, it does probably not make sense
to think about asymptotics when AOGCM output
are the observations. On the other hand, we also
believe that the models are in reality not indepen-
dent and when this is properly taken into account
from a statistical point of view, the uncertainty does
not vanish with increasing number of AOGCMs (see
Furrer , 2005). At this point it is unclear how to sta-
tistically incorporate dependence between AOGCMs
into our model. Ideally, our method should also in-

corporate that some models compare more favorably
with observations than others. These assumptions do
not imply that all the models have the same climate
sensitivity, or that they all have the same transient
climate response at a particular time and at some
scale. We assume that the design of each AOGCM
model is such that it models the truth to the best
knowledge of its developers. Each AOGCM “approx-
imates” (or models) the truth with different param-
eterizations, resolved processes etc. (resulting in dif-
ferent climate sensitivity, transient climate response,
etc.). The differences are expressed in the individual
precisions used for each of the models. Statistically
speaking, with one observation (one model run), we
cannot determine mean and standard deviation, but
only one of the two. We assume a mean and estimate
the standard deviation.

Note that the independence assumption along with
the absence of observations in the model does not at-
tribute weights to the models and we do not have
a bias and a convergence weighting of the models
as used by e.g. Tebaldi et al. (2005). Since the
fields are assumed to be independent, increasing the
number of AOGCMs in the study decreases the un-
certainty about the mean climate change. However,
many scientists believe that increasing the number of
AOGCMs does not increase our knowledge about the
future climate change as much of the models are built
on the same set of approximations and use fundamen-
tally similar parameterizations for sub-grid processes.
However, to date there are no published method-
ologies on how to account for model dependence in
multi-model ensembles. Finally, note that Model (1)
together with the independence assumption implies
that the density of the entire dataset, conditional on
µi and φi, i = 1, . . . , N , is the product of N Gaussian
density functions dictated by Nn(µi, φiΣ).

Another hypothesis is the assumption concerning
the small scale variability and small scale correla-
tion structure. Assuming an stationary and isotropic
process implies constant variance and a covariance
of a functional form that depends only on the great
circle distance. Exploratory graphical analysis (e.g.
Cressie, 1993) shows that with our choice of basis
functions the resulting small scale process is close to
being isotropic over land or over the ocean only. Only
a few models exhibit slightly non-stationary behav-
ior in different regions, like over sea ice or in the in-
tertropical convergence zone (ITCZ). It is true that
the hypothesis of a constant error variance is rather
strong and implies that we overestimate the variance
over the ocean and underestimate it over land. On
the other hand, this does not affect the estimation
of the climate change signal significantly. It only im-
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Figure 3: Kernel estimates of the DJF posterior den-
sities for the spherical harmonics given in Figure 1
(left panel) and for spherical harmonics 166 to 169
(right panel). The estimates for the high resolution
spherical harmonics are centered around zero (A1B
scenario 2080–2100 relative to 1980–2000).

plies that we have a poor description of the bias and
internal variablility of each of the AOGCMs, which
– as mentioned – does not have consequences on the
estimation of the large scale signal.

The approach that the true climate signal is rep-
resented as a combination of basis functions is not
a critical assumption because the chosen basis func-
tions span a large space. There are several ways to
test if the basis functions as well as their number
are a good choice. First, the basis functions need to
be capable of representing the individual difference
fields, in other words, the number of basis functions
determines the resolution of the large scale struc-
ture. A second possibility is post-verification. If
too many functions are included, the model may be
over-parameterized and the posterior densities of the
coefficients of the high resolution spherical harmon-
ics are centered around zero as shown in the right
panel of Figure 3. If too few functions are included,
the resulting posterior fields may exhibit unrealistic
or “blobby” features (see Figure 4). Notice the bulky
field when using few functions (top panel). The lower
two panels have a similar resolution. However, as we
depict only one posterior sample, the fields contain
more structure than “averaged” fields shown in Fig-
ure 1 of the article. For climate fields with distinct
local features (like precipitation fields) more basis
functions are required compared to temperature or
surface pressure fields. For temperature fields any
number between 70 to 200 functions yields virtually
identical results with respect to the global or local
mean climate changes and 121 basis functions were
used in this study.

The authors are working on a much more compli-
cated model setup that includes, among other, sev-
eral model runs and observational fields. The authors

Figure 4: Sample of the DJF posterior mean climate
change obtained using 36, 100, and 196 spherical har-
monics (top to bottom) in ◦C by 2080–2100 in the
A1B scenario, relative to 1980–2000.

believe that the new statistical model should be able
to distinguish and identify model bias and internal
variability. Further, observations should guide the
choice of the prior parameters, especially of the prior
information for the magnitude of ψi.

3 Implementation

Our approach does not include the parameters τ and
η in the hierarchical model because of computational
complexity. The values of the parameters are cho-
sen according to an “empirical Bayes” approach by
considering the data model as a linear regression with
correlated errors and estimating the error parameters
with an iterative procedure.

To begin, the algorithm assumes initial estimates
of η, τ and φi with which a covariance matrix φiΣ
is constructed, then one estimates the mean struc-
tures, i.e. the vector θi, via weighted least squares
(WLS). Given the estimate Mθ̂∗i of the mean Mθi,
Di−Mθ̂∗i is used to obtain the estimates η̂, τ̂ and φ̂i

of the covariance structure φiΣ∗ with a method-of-
moments approach. Now θ̂∗i is updated using WLS
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with the covariance matrix φ̂∗i Σ̂
∗ and we obtain a

second estimate θ̂∗i . The iteration is carried out until
a specified convergence criterion is met. The algo-
rithm generally converges quickly and in most cases,
only a few iterations were required.

The fit of the hierarchical model through the Mar-
kov Chain Monte Carlo algorithm gives (1) estimates
of the true regression coefficients, (2) the uncertainty
around them and (3) estimates of the small scale co-
variance. By recombining the coefficient estimates
with the basis functions an estimate of the true cli-
mate change field is derived. The uncertainty around
this field can be determined, for example, by ex-
amining ensembles constructed from draws from the
posterior distribution of the coefficient estimates and
combining these with the basis functions. Since the
model accounts for the spatial correlation of the true
climate change through the basis functions, and of
the model specific bias and internal variability through
the error covariance, the probabilistic projections de-
rived for the entire climate change fields represent the
spatially joint probability of climate change for each
of the locations. We discuss this now in more detail.

The statistical approach is to obtain the posterior
distribution of Mϑ given the model observations Di,
i.e. Mϑ | D1, . . . ,DN . The posterior density can
be derived via Bayes’ theorem (e.g., Bernardo and
Smith, 1994), synthesized as

[ process |data, parameters ] ∝
[ data | process, parameters ]·
[ process | parameters ] · [ parameters ]

The densities, denoted by [. . . ], on the right-hand
side are given by the three levels of the hierarchical
model. The joint posterior on the left-hand side is
a complicated distribution from which it is impossi-
ble to draw directly. However, the posterior can be
sampled using a Markov chain Monte Carlo (MCMC)
procedure known as the Gibbs sampler (Geman and
Geman, 1984; Gelfand and Smith, 1990). The essence
of the MCMC approach is to simulate complex joint
probability distributions by sampling from a Markov
chain with a stationary, ergodic distribution that is
identical to the posterior distribution (see Gilks et al.,
1996; Robert and Casella, 1999).

Essentially the Gibbs sampler works as follows.
For each parameter in the model its distribution con-
ditional on all the other random quantities in the
model is identified. Such distributions are called full
conditionals because only the parameter of interest is
allowed to be random and the entire remaining part
of the model is fixed (or conditioned upon). The
Monte Carlo algorithm cycles through the parame-
ters by simulating a new value for each parameter

based on the full conditional distribution and the
current values of the other parameters. Under weak
assumptions the sequence converges to the intended
distribution.

Since the hierarchical model is based on multi-
variate normal and inverse gamma distributions, it
is possible to derive the full conditionals in closed
from. Starting from the joint density

[
ϑ, {θi}, {φi},

{ψi}, {Di} | ξ1, . . . , ξ5
]
, the full conditional distribu-

tions are:

ϑ | . . . ∼ Np(A−1b,A−1)

A =
1

ξ5
I +

NX
i=1

1

ψi
I b =

NX
i=1

1

ψi
θi

θi | . . . ∼ Np(A−1b,A−1)

A =
1

ψ i

I +
1

φ i

MTΣ−1M

b =
1

ψ i

ϑ +
1

φ i

MTΣ−1Di

φi | . . . ∼ IΓ
“
ξ1 +

n

2
, ξ2 +

1

2
(Di −Mθi)

TΣ−1(Di −Mθi)
”

ψi | . . . ∼ IΓ
“
ξ3 +

p

2
, ξ4 +

1

2
(θi − ϑ)T(θi − ϑ)

”
with i = 1, . . . , N and where the ‘. . . ’ to the right of
the conditioning sign refers to all the random quan-
tities in the model, apart from the parameter to be
drawn, and the data. Given the closed form of all
the full conditionals, it is straightforward to imple-
ment a Gibbs sampler in any numerical software pro-
gram. We used the freely available computer software
R (Ihaka and Gentleman, 1996; R Development Core
Team, 2006). For the numerical experiments pre-
sented here, we run the sampler for a total of 20,000
iterations discarding the first half of the simulated
values to obtain convergence and saving every 20th
draw. Thus, we base our conclusions on a total of 500
values for each parameter, representing a sample from
its posterior distribution. On a reasonable desktop
PC this task can be performed within a few hours.

The following pseudo algorithm summarizes the
Gibbs sampler, as implemented in our study. Table 1
summarizes all the parameters and values used.

Program Gibbs sampler
Load AOGCM data

Set program parameters
Construct design matrix and

initialize auxiliary variables
Estimate tau and eta
Construct Sigma and its inverse

For k from 1 to 20000
For i from 1 to 21
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Sample theta_i
Sample vartheta
For i from 1 to 21

Sample phi_i
For i from 1 to 21

Sample psi_i

Discard the first 10000 then
save every 20th sample

End For

Save samples
End Program

Table 1: Parameter and hyperparameter specifica-
tions for the Gibbs sampler for DJF. For JJA, the
same values have been used except for tau τ = 0.225.

Prior parameters:
ξ1, ξ2, ξ3, ξ4, ξ5: 0.00,0.00,0.00,1.00,1.00

Covariance parameters:
η, τ : 0.00 0.325

Number of basis functions
spherical harmonics: 121
indicator functions: 28

Gibbs sampler parameters:
run and discard length: 20,000 10,000
posterior sample length: 500 (every 20th)
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